Using three simple investment situations, we simulate the behavior of the Kelly and fractional Kelly proportional betting strategies over medium term horizons using a large number of scenarios. We extend the work of Bicksler and Thorp (1973) and Ziemba and Hausch (1986) to more scenarios and decision periods. The results show: (1) the great superiority of full Kelly and close to full Kelly strategies over longer horizons with very large gains a large fraction of the time; (2) that the short term performance of Kelly and high fractional Kelly strategies is very risky; (3) that there is a consistent tradeo of growth versus security as a function of the bet size determined by the various strategies; and (4) that no matter how favorable the investment opportunities are or how long the nite horizon is, a sequence of bad results can lead to poor nal wealth outcomes, with a loss of most of the investor's initial capital.
Introduction
The Kelly optimal capital growth investment strategy has many long term positive theoretical properties (MacLean, Thorp and Ziemba 2009 ). It has been dubbed fortunes formula by Thorp (see Poundstone, 2005) . However, properties that hold in the long run may be countered by negative short to medium term behavior because of the low risk aversion of log utility. In this paper, three well known experiments are revisited. The objectives are: (i) to compare the BickslerThorp (1973) and Ziemba -Hausch (1986) experiments in the same setting; and (ii) to study them using an expanded range of scenarios and investment strategies. The class of investment strategies generated by varying the fraction of investment capital allocated to the Kelly portfolio are applied to simulated returns from the experimental models, and the distribution of accumulated capital is described. The conclusions from the expanded experiments are compared to the original results.
2 Fractional Kelly Strategies: The Ziemba and Hausch (1986) example We begin with an investment situation with ve possible independent investments where one wagers $1 and either loses it with probability 1 − p or wins $ (O + 1) with probability p, where O is the odds. The ve wagers with odds of O = 1, 2, 3, 4 and 5 to one all have expected value of 1.14. The optimal Kelly wagers are the expected value edge of 14% over the odds. So the wagers run from 14%, down to 2.8% of initial and current wealth at each decision point. Table 1 describes these investments. The value 1.14 was chosen as it is the recommended cuto for protable place and show racing bets using the system described in Ziemba and Hausch (1986 of the 2000 scenarios that the nal wealth starting from an initial wealth of $1000 is more than $50, $100, $500 (lose less than half ), $1000 (breakeven), $10,000 (more than 10-fold), $100,000
(more than 100-fold), and $1 million (more than a thousand-fold). Figure 1 shows the wealth paths of these maximum nal wealth levels. Most of the gain is in the last 100 of the 700 decision points. Even with these maximum graphs, there is much volatility in the nal wealth with the amount of volatility generally higher with higher Kelly fractions. Indeed with 3/4 Kelly, there were losses from about decision point 610 to 670. Looking at the chance of losses (nal wealth is less than the initial $1000) in all cases, even with If capital is innitely divisible and there is no leveraging than the Kelly bettor cannot go bankrupt since one never bets everything (unless the probability of losing anything at all is zero and the probability of winning is positive). If capital is discrete, then presumably Kelly bets are rounded down to avoid overbetting, in which case, at least one unit is never bet. Hence, the worst case with Kelly is to be reduced to one unit, at which point betting stops. Since fractional Kelly bets less, the result follows for all such strategies. For levered wagers, that is, betting more than one's wealth with borrowed money, the investor can lose more than their initial wealth and become bankrupt. 14% for Ziemba-Hausch, 12.5%for Bicksler-Thorp I, and 10.2% for Bicksler-Thorp II. However, the variation around the mean is not similar and this produces much dierent Kelly strategies and corresponding wealth trajectories for scenarios.
The Ziemba and Hausch (1986) Model
The rst experiment is a repeat of the Ziemba -Hausch model in Section 2. A simulation was performed of 3000 scenarios over T = 40 decision points with the ve types of independent investments for various investment strategies. The Kelly fractions and the proportion of wealth invested are reported in Table 3 . Here, 1.0k is full Kelly, the strategy which maximizes the expected logarithm The initial wealth for investment was 1000. Since the Kelly bets are small, the proportion of current wealth invested is not high for any of the fractions. The upside and down side are not dramatic in this example, although there is a substantial gap between the maximum and minimum wealth with the highest fraction. Figure 3 shows the trajectories which have the highest and lowest nal wealth for a selection of fractions. The The skewness and kurtosis indicate that nal wealth is not normally distributed. This is expected since the geometric growth process suggests a log-normal wealth. Figure 4 displays the simulated log-wealth for selected fractions at the horizon T = 40. The normal probability plot will be linear if terminal wealth is distributed log-normally. The slope of the plot captures the shape of the logwealth distribution. In this case the nal wealth distribution is close to log-normal. As the Kelly fraction increases the slope increases, showing the longer right tail but also the increase in downside risk in the wealth distribution. On the inverse cumulative distribution plot, the initial wealth ln(1000) = 6.91 is indicated to show the chance of losses. The inverse cumulative distribution of log-wealth is the basis of comparisons of accumulated wealth at the horizon. In particular, if the plots intersect then rst order stochastic dominance by a wealth distribution does not exist (Hanoch and Levy, 1969) . The mean and standard deviation of log-wealth are considered in Figure 5 , where the trade-o as the Kelly fraction varies can be understood. Observe that the mean log-wealth peaks at the full Kelly strategy whereas the standard deviation is monotone increasing. Fractional strategies greater than full Kelly are inecient in log-wealth, since the growth rate decreases and the the standard deviation of logwealth increases. The results in Table 4 and There is a trade-o between wealth growth and risk. The cumulative distribution in Figure   4 supports the theory for fractional strategies, as there is no dominance, and the distribution plots all intersect. Table 3 . (The formula relating λ and f for this expiriment is in the Appendix.)
In their simulation, Bicksler and Thorp use 10 and 20 yearly decision periods, and 50 simulated scenarios. We use 40 yearly decision periods, with 3000 scenarios. The distribution of terminal wealth in Figure 7 illustrates the growth of the f = 0.838k strategy.
It intersects the normal probability plot for other strategies very early and increases its advantage.
The linearity of the plots for all strategies is evidence of the log-normality of nal wealth. The inverse cumulative distribution plot indicates that the chance of losses is small -the horizontal line indicates log of initial wealth.
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(a) Inverse Cumulative (b) Normal Plot The growth and decay are much more pronounced than was the case in experiment 1. The minimum still remains above 0 since the fraction of Kelly is less than 1. There is a tradeo between wealth growth and risk, but the advantage of leveraged investment is clear. As illustrated with the cumulative distributions in Figure 7 , the log-normality holds and the upside growth is more pronounced than the downside loss. Of course, the fractions are less than 1 so improved growth is expected.
2. The maximum and minimum nal wealth trajectories clearly show the wealth growth -risk of various strategies. The mean-standard deviation trade-o favors the largest fraction, even though it is highly levered.
Bicksler -Thorp (1973) Case II -Equity Market Returns
In the third experiment there are two assets: US equities and US T-bills. According to Siegel and the mean return was 3.9% for short term government T-bills with zero standard deviation. We assume the choice is between these two assets in each period. The Kelly strategy is to invest a proportion of wealth x = 1.5288 in equities and sell short the T-bill at 1 − x = −0.5228 of current wealth. With the short selling and levered strategies, there is a chance of substantial losses. For the simulations, the proportion: λ of wealth invested in equities and the corresponding Kelly fraction f are provided in Table 7 . (The formula relating λ and f for this expiriment is in the Appendix.) The results from the simulations with experiment 3 are contained in Table 8 and Figures 9, 10 , and 11. This experiment is based on actual market returns. The striking aspects of the statistics in Table 8 are the sizable gains and losses. For the the most aggressive strategy (1.57k), it is possible to lose 10,000 times the initial wealth. This assumes that the shortselling is permissable through to the horizon. 
Discussion
The Kelly optimal capital growth investment strategy is an attractive approach to wealth creation.
In addition to maximizing the rate of growth of capital, it avoids bankruptcy and overwhelms any essentially dierent investment strategy in the long run (MacLean, Thorp and Ziemba, 2009 • The wealth accumulated from the full Kelly strategy does not stochastically dominate fractional Kelly wealth. The downside is often much more favorable with a fraction less than one.
• There is a tradeo of risk and return with the fraction invested in the Kelly portfolio. In cases of large uncertainty, either from intrinsic volatility or estimation error, security is gained by reducing the Kelly investment fraction.
• The full Kelly strategy can be highly levered. While the use of borrowing can be eective in generating large returns on investment, increased leveraging beyond the full Kelly is not warranted. The returns from over-levered investment are oset by a growing probability of bankruptcy.
• The Kelly strategy is not merely a long term approach. Proper use in the short and medium run can achieve wealth goals while protecting against drawdowns. 
Kelly Strategy with Normal Returns
Consider the problem M ax x {E(ln(1 + r + x(R − r)} ,
where R is Gaussian with mean µ R and standard deviation σ R , and r =the risk free rate. The solution is given by Merton (1990) as
The values in Experiment III are µ R = 0.102, σ R = 0.203, r = 0.039, so the Kelly strategy is x = 1.5288.
